A convergent perturbation method using modified Lang Firsov transformation is developed for a two-site single-polaron system. The method is applicable for the entire range of the electron-phonon coupling strength. The single-electron energies, oscillator wave functions and correlation functions, calculated using this method, are in good agreement with the exact results.
Introduction
The interaction of conduction electrons with lattice vibrations is described by the so called electron-phonon problem. The Holstein model [1] is one of the fundamental models which has been studied widely in this context. The model consists of a one-electron hopping term, Einstein phonons at each site and a site-diagonal interaction term which couples the electron density and ionic displacements at a given site. For weak electron-phonon (e-ph) coupling the frequency of the phonons and the effective mass of the the electron are renormalized, which are described by the Migdal approximation [2] . For large e-ph coupling the electrons are self-trapped in the lattice deformation producing a small polaron. The motion of the electron is then accompanied by the lattice deformation. This results in a large effective mass or reduced effective hopping of the dressed electrons (polarons). The LangFirsov (LF) method based on the LF canonical [3] transformation works in this region very well, specially in the non adiabatic limit where the phonon frequency is greater than the electronic hopping matrix element. However, no conventional analytical method exists at present which can describe a Holstein model for the entire range of the coupling strength. Ranninger and Thibblin [4] made an exact diagonalisation study of a two-site polaron problem and showed that the behavior of the polaron differs very much from that predicted by the classical LF method.
Marsiglio [5] extended those calculations to the bulk limit in one dimension by studying the Holstein model with one electron up to 16 site lattices. He concluded that for intermediate coupling strength neither the Migdal nor the small-polaron approximation is in quantitative agreement with the exact results. Kabanov and Ray [6] and Alexandrov et al. [7] noted that for t > ω 0 the adiabatic small-polaron approximation describes the ground state energy accurately except for intermediate coupling strength and for t ∼ ω 0 . Ranninger and Thibblin [4] and Marsiglio [5] studied also the correlation functions using exact diagonalization technique with the finite size Holstein model and found that the results are non trivial and cannot be described by any conventional analytical method.
The objective of the present work is to search for an analytical method which could be applicale quite accurately for the entire range of e-ph coupling strength.
For our study we consider a two-site one-electron Holstein model for which exact results are available [4] . Previously, we [8, 9] investigated the ground state energy and the nature of polarons in a two-site and a four-site Holstein model using the modified Lang Firsov (modified LF) transformation and two-phonon coherent states and found that the energy obtained within such method is very close to the exact result. In this work we develop a perturbation expansion within the modified LF transformation and show that this expansion converges for the entire range of the coupling strength. The energy and the correlation functions calculated within our approach are almost identical with the exact results.
Formalism
The Hamiltonian of a two-site one-electron Holstein model reads as
where i =1 or 2, denotes the site. c iσ (c † iσ ) is the annihilation (creation) operator for the electron with spin σ at site i and n iσ (=c † iσ c iσ ) is the corresponding number operator, g denotes the e-ph coupling strength, b i and b † i are the annihilation and creation operators, respectively, for the phonons corresponding to interatomic vibrations at site i, ω 0 is the phonon frequency. In Hamiltonian (1) there is no spin dependent or spin reversal term so for the study of one-electron case the spin index is redundant. In the following we shall not use the spin index. For the single polaron problem we choose the basis set (forH d )
where |+ and |− are the bonding and antibonding electronic states and |N denotes the Nth excited oscillator state.
Note that the last term in Eq. (5) has only off-diagonal matrix elements connecting bonding and antibonding states with the change in phonon number by
while the hopping term
both diagonal and off-diagonal elements in the chosen basis. The diagonal part of H t is given by,
where t e = t exp(−2λ 2 ) and
The diagonal part of the HamiltonianH d (in the chosen basis) is considered as the unperturbed Hamiltonian (H 0 ) and the remaining part of the Hamiltonian
The unperturbed energy of the state |±, N is given by
The general off-diagonal matrix elements of H 1 between the two states |±, N and
In the following we present the perturbation corrections to the energies and the correlation functions for the ground and the first excited state.
The energies and the correlation functions

A. Ground state :
For the system considered, the state |+ |0 has the lowest unperturbed energy,
The matrix element connecting this ground state and an excited state |e, N is given by
The first order correction to the ground state wave function is obtained as,
where
±,N is the unperturbed energy of the state |±, N as given in Eq.(10). The second order correction to the ground state energy is given by
where e=+ or -for even and odd N, respectively. Now, one has to make a proper choice of λ, hence choice for the displaced phonon basis, so that the perturbative expansion becomes convergent. In the usual modified LF method λ is found out by minimizing the ground state energy of the system. Here we adopt that method and check whether it gives satisfactory results. From our previous studies [8, 9, 10] we know that λ remains small as long as g + < 1, while for large values of g + (in the strong coupling limit) it approaches or attains the full LF value of g + (see Table I ). For small values of λ the perturbation series involving linear Frohlich type (polaron-phonon) interaction term (∝ (g + −λ)) converges automatically, while that involving hopping, containing powers of 2λ, would converge provided t is less than ω 0 (antiadiabatic limit) or t ∼ Following the spirit of the modified LF method the value of λ is found out as λ = ω 0 g + /(ω 0 + 2t e ) from minimization of the unperturbed ground state energy.
It is interesting to note that for this particular choice of λ, the coefficient of |−, 1 in Eq. (14) as well as the first term in r.h.s of Eq.(15) vanishes.
To check whether the perturbation series is converging properly we have calculated and computed the third order correction to the energy for the ground state.
The third order correction (E
0 ) to the ground state energy is given by,
where the subscript k,m denote the states |±, N with the unperturbed energy
±,N and the subscript 0 refers to the ground state |+, 0 . The off-diagonal matrix elements of H 1 are calculated using Eqs. (11) 
The coefficients a N and b N are determined from Eq.(14) and the second order correction to the wave function. The normalized ground state wave function |G N is
where N G is obtained as
Within the modified LF method the ground state wave function for the d oscillators is a displaced Gaussian
where,
Including the corrections due to the perturbation the ground state wave function for the d oscillator is obtained as,
Note that G(x) andG(x) are the ground state oscilltor wave functions for H d and H d , respectively. If the electron is located on site 1 then x 0 = − √ 2 λ.
• Correlation function calculation:
The static correlation function n 1 u 1 0 and n 1 u 2 0 , where u 1 and u 2 are the lattice deformations at site 1 and 2 respectively, produced by an electron at site 1, indicates the strength of polaron induced lattice deformation and their spread.
These correlation functions are determined as
B. The First Excited State:
The unperturbed energies of the states |+, 1 and |−, 0 are (ǫ p +ω 0 −t e (1−4λ 2 )) and (ǫ p + t e ), respectively. For 2t > ω 0 , the energy of the state |+, 1 is lower than that of |−, 0 for g + = 0, while it is higher for large value of g + when t e 
The ratio (c) of the coefficients a and b and the unperturbed energy (α) of the first excited state may be found out from the relation
where H 11 , H 22 , H 12 are the matrix elements ofH d in the subspace of |−, 0 and |+, 1 and are given in the matrix form in the following,
Eq. (23) gives two roots of α, the lower value of α (say, α 1 ) corresponds to the first excited state.
The first order correction to the first excited state wave function is obtained as,
and
Second order correction to the first excited state energy is given by,
Results and discussions
In this paper we report mainly the results of t=1.1 (in a scale of ω 0 =1) for which exact results [4] are available. For the ground state, the wave function and the energy have been calculated up to the second order and the third order in perturbation, respectively. For the numerical calculation of first (second) order correction to the wave function (energy) we consider up to 20-30 phonon states in the series of Eqs. (13) and (14) . It is found that except for very high values of g + cosideration of 20 phonon states is more than sufficient, while for large values of g + (1.9-2.2) consideration of 30 phonon states is enough. For the second order correction to the wave function we consider up to five phonon states, and find that it is sufficient for the parameter space we studied.
In Table- I we have shown the unperturbed energy, the second and third order corrections to the energy for the ground state. It is seen that the magnitude of the higher order corrections decreases rapidly which clearly indicates the reasonability of our approach. The second or third order perturbation correction to the energy is small in both the weak and strong coupling limits and appreciable only in the intermediate coupling limit where the third order correction becomes important.
It may be noted that for lower values of t (results for t = 1.1 shown here) the perturbation series converges more rapidly with smaller perturbation corrections.
So, the present method based on modified LF transformation is expected to work very satisfactorily for t < ω 0 .
In Fig. 1 It should be mentioned that in a range 1.2 < g + < 1.4 the second order correction to the energy for the first excited state is ∼ 10 − 12% of the unperturbed energy and so third order correction may be necessary in this region. For other regions the second order correction to the energy of the first excited state is small.
In Fig. 2 we have shown the ground state wavefunction for the d oscillator as a function of position x for different values of the e-ph coupling when the electron is located on site 1. For weak coupling (g + < 1) the wave function shows displaced Gaussian like single peak where the displacement is given by the modified LF value,
3 an additional prominent shoulder appears. For higher values of g + this shoulder takes the form of a broad peak. These results are completely consistent with the results obtained by Ranninger and Thibblin by exact diagonalization study [4] .
In Fig. 3 we have plotted the variation of the correlation functions n 1 u 1 0 and n 1 u 2 0 with g + . Our perturbation results (solid curves) are found to be very close to the exact results (dashed curves) of Ref. [4] . It may be mentioned that the 
Conclusion
In the present work we develop an analytical perturbation method within the modified LF approach to deal with an electron-phonon system for the whole range for the correlation functions.
Solid curves: our results, dashed curves: exact results of [4] .
